Rectangular nozzles are increasingly used for modern military aircraft propulsion installations, including the roll nozzles on the F-35B vertical/short take-off and landing strike fighter. A peculiar phenomenon known as axis-switching is generally observed in such non-axisymmetric nozzle flows during which the jet spreads faster along the minor axis compared to the major axis. This might affect the under-wing stores and aircraft structure. A computational fluid dynamics study was performed to understand the effects of changing the upstream nozzle geometry on a rectangular free jet. A method is proposed, involving the formulation of an equation based upon a statistical model for a rectangular nozzle with an exit aspect ratio (AR e ) of 4; the variables under consideration (for a constant nozzle pressure ratio (NPR)) being inlet aspect ratio (AR i ) and length of the contraction section. The jet development was characterised using two parameters: location of the cross-over point (X c ) and the difference in the jet half-velocity widths along the major and minor axes (ÁB 30 ). Based on the observed results, two statistical models were formulated for the prediction of axis-switching; the first model gives the location of the cross-over point, while the second model indicates the occurrence of axis-switching for the given configuration.
Introduction
The development of a free jet issuing from a circular nozzle has been studied extensively over the past many years, mainly for aircraft propulsion purposes. The flow structure and behaviour is generally well understood. More recently, investigations into the development of non-axisymmetric free jets have also been undertaken though this area remains relatively less well understood than its circular counterpart. Current advances in modern warfare often require fighter aircraft to be designed to be stealthy and highly manoeuvrable. A rectangular jet generally provides better jet mixing, thus reducing the jet infra-red (IR) signature and thus improving the stealth of the aircraft. At the same time, it is easier to incorporate thrust vectoring along a single dimension when using a rectangular nozzle. This improves the manoeuvrability of the aircraft. Rectangular nozzles are increasingly used in military aircraft propulsion installations, including the roll nozzles on the F-35B vertical/short take-off and landing (V/STOL) strike fighter.
In general, it is known that the flow development of a jet depends upon various factors such as the nozzle pressure ratio (NPR), exit area (A e ), length of the nozzle contraction, aspect ratio (AR), etc. It has been shown by various authors [1] [2] [3] that the incompressible rectangular free jet consists of three regions: the potential core region with constant centreline velocity, a twodimensional (2D) region and a region extending to infinity where the centreline velocity decay is characteristic of axisymmetric jets. The extent of these regions is a function of the nozzle exit aspect ratio. Some of these studies also report a peculiar phenomenon usually associated with rectangular and non-axisymmetric nozzles, often called axis-switching. This does not occur due to a helical turning of the jet but is, in fact, caused by different spreading rates along the major and minor axes of the jet. Thus, it appears as if the jet has turned at right angles some distance downstream of the exit. 4, 5 Many studies have attempted to explain this. Early studies suggested that the occurrence of axis-switching is dominated by the dynamics of vortex rings and selfinduced axis-rotations of the vortex rings. Abramovich 6 suggested that axis-switching is due to pressure differentials on the plane of the rectangular vortex ring, caused by the difference in the separations of the long and the short edges of the ring. This leads to selfinduced induction, as also observed by Hussain and Husain. 7 The most important amongst these explanations for axis-switching are based on vorticity and the presence of discrete vortical structures in the jet. 5, 8, 9 Work carried out independently by Zaman 10 and Grinstein 11 for non-axisymmetric nozzles with circular inlets indicates that axis-switching might not occur at all. It was thus suggested that the vortices either form an 'out-flow' pair or an 'in-flow' pair at the ends of the major axis. The pair of vortices which appear to push the fluid away from the centre, thus resisting axis-switching, was called the 'out-flow' pair. Similarly, the pair of vortices that appears to push the fluid towards the centre (and thus away from the centre along the minor axis) seems to assist axis-switching. This was referred to as an 'in-flow' pair. The occurrence of axis-switching thus depends on the presence of vortical structures in the flow. The secondary flows inside the nozzle could result in the presence of streamwise vorticity at the jet exit and could play an important role in the development of the jet. 10 As the flow develops in the interior of the nozzle, the pressure differential along the walls of the nozzle induces secondary flows in the plane perpendicular to the streamwise flow. 12 The variation of the cross-over point with AR e > 5 has also been shown previously. 1, [13] [14] [15] These studies show a linear variation but the different studies reveal a range of slopes rather than a specific one, indicating uncertainty in determining the location of the cross-over point. Additionally, Krothapalli et al. 15 discuss the linear variation of jet half-velocity on initial geometries but it is unclear as to exactly which is the dominant parameter. They also observed that a jet issuing from a slot exhibits axis-switching sooner compared to one from a long channel feeding a similar contraction ratio.
It can thus be seen that amongst all the factors that affect the development of the jet, the variation due to specific changes in the internal geometry of the nozzle has not been documented systematically. It has been established that the internal flow affects the development of the flow outside the nozzle. There remains, however, a need to understand the relation between internal geometry factors such as the inlet aspect ratio (AR i ) and the length of the contraction section with respect to axis-switching. A good understanding of this can lead to the development of methods for the prediction of axis-switching for a given set of conditions.
The enhanced entrainment properties of a non-circular jet relative to its circular counterpart are mainly attributed to the axis-switching mechanism. Besides its application for reducing the IR signature of a heated jet plume, improved mixing of the jet with its surroundings has other potential uses. This property could be of interest in practical applications requiring enhanced combustion between fuel and background oxidiser, reduction in jet noise and rapid initial mixing and submergence of effluent fluids, to name a few. 16 This article attempts to establish the variation of the cross-over point with the inlet aspect ratio and the length of converging section. The length of the converging section is expressed in a normalised form as converging section ratio (CSR), defined as the ratio of the length of the contraction section to the length of the nozzle.
Computational setup
The 3D computational fluid dynamics (CFD) simulations were performed using the commercial CFD package Fluent; the grids were created using the Gambit pre-processing software. The simulations were carried out for a steady state, subsonic case with NPR ¼ 1.05, corresponding to M j ¼ 0.265 and Reynolds number of about 59,700 (based on the nozzle height). This is within the range of the experimental studies by Krothapalli et al. 15 (Re ¼ 12,000, laminar boundary layer) and Sfeir 13 (Re ¼ 122,200, turbulent boundary layer) which are used for comparative purposes. Additionally, since the CFD simulation assumed turbulent boundary layers on the nozzle walls, changing the scale of the nozzle was unlikely to produce any Reynolds number dependency on the CFD results. Running the simulation in steady state allowed the use of symmetry conditions along the major and minor axis planes of the nozzle. The nozzle exit was 400 mm 2 with AR e ¼ 4. The nozzle length was 110 mm with an area contraction of approximately 2.4; representative of an existing nozzle with a circular inlet and contraction length of 65 mm, which was used in experiments for validation purposes. The exterior dimensions of the nozzle configurations were also based upon the dimensions of this nozzle. The external domain of the simulation was 2 m downstream (approximately 90 D eq ) of the exit and 0.5 m in the lateral direction from both the outer edges of the nozzle exit. In the upstream direction outside the nozzle, the domain extended as much as the exterior of the nozzle. A grid independence study was done to determine the optimum meshing for the domain. This was done using three different grids of approximately 460,000 cells (coarse), 650,000 cells (medium) and 820,000 cells (fine). The primary variation in the grid was the mesh distribution along the downstream and spanwise directions. Amongst these, the coarse grid indicated a shorter potential core length, while the medium grid was able to resolve the jet structures as well as the fine grid. The domain setup, orientation and the grid distribution along the xy-plane are shown in Figure 1 . For all the simulations, care was taken to ensure that the boundary layer was resolved as correctly as possible. This was achieved by keeping the wall y þ values at the inner wall of the nozzle to between 1 and 10. The range of parameters used for the different nozzle configurations is given in Table 1 .
The simulation was set up as a compressible flow problem using a pressure-based solver. SST-k! was chosen as the turbulence model since it can predict both wall flows and free flows with sufficient accuracy. 17 The turbulence was specified using intensity and length scale values. The turbulence intensity at the inlet was determined using the exit turbulence intensity from the experiments and then adjusted accordingly so that the simulation predicts the same exit turbulence intensity. The length scale was taken as 7.5% of the equivalent radius of the nozzle. 18 The inlet was specified as a pressure inlet at NPR ¼ 1.05. The upstream boundary outside the nozzle was specified as a pressure inlet at NPR ¼ 1.00 to allow free inflow as required by the simulation without imposing any limiting factor. The xy-and xz-planes were specified as symmetry boundaries. The other outer boundaries were set as pressure outlets with free-stream pressure conditions.
To check the convergence of the simulation, four monitors were initiated. One of these monitors checked the mass flux for the entire domain (including the nozzle) and compared that with the net mass flow rate of the nozzle. 19 If the total mass flux was consistently less than 0.5% of the mass flow rate of the nozzle over a period of 3000 iterations, convergence was assumed to have been achieved in terms of mass flux. The other three monitors checked the velocity at three points downstream of the nozzle exit at x/D eq ¼ 2, 25 and 50, each. If the variation of velocity at these points was less than 0.5%, averaged over 3000 iterations, velocity convergence was assumed to have been achieved.
The validation of the CFD results was done using data from a laser-Doppler anemometry (LDA) experiment for the same nozzle at the given flow parameters and conditions. 19 The axial velocities at five different downstream locations was compared, as shown in Figure 2 . It can be seen that the velocity development downstream of the exit shows generally good agreement, particularly in terms of the jet vertical and lateral spreading. Following this, the simulations were modelled to study the other inlet aspect ratios.
Results and discussion
The two main parameters considered for this study are the normalised location of the cross-over point (X c /D eq ) and the normalised difference between the spreading of the jet along the major and minor axes at x/D eq ¼ 30 (ÁB 30 /D eq ). The cross-over point is defined as the location downstream of the nozzle exit where the halfvelocity widths along the lateral axes are equal. Where the jet does not exhibit axis-switching, the transition point, i.e. the location downstream of the exit where the spreading rates along the lateral axes are equal and the jet shows a transition to an elliptic/round jet crosssection, is used in the formulation of the statistical model.
The simulation results were compared for all the nozzle configurations under consideration. The location of the cross-over point and difference between the spreading of the jet along the major and minor axes at x/D eq ¼ 30, were noted. These were then used for the formulation of the statistical models for prediction of axis-switching. The possible explanations for the occurrence of axis-switching, or otherwise, have been discussed based on streamwise vorticity development due to secondary flows in the nozzle. The plots given here are for the C2 (CSR ¼ 0.59) and A3 (AR i ¼ 3) configurations to illustrate the trends based on changing 
Jet half-velocity widths
The basis for determining if the jet issuing from a nozzle of given configuration switches axes, or not, was to compare the jet half-velocity width (B). This is defined as twice the distance from the centreline of the jet to where the local streamwise velocity is equal to half of the local centreline streamwise velocity. Henceforth in this work, jet half-velocity width will be used in the normalised form (i.e. B/D eq ). Since the concept of this work was inspired by the potential issues of the F-35B V/STOL strike fighter, the extent of the region of interest was considered to be up to x/D eq ¼ 30. Consequently, the half-velocity-width plots for the current study are generated up to x/D eq ¼ 30. Additionally, the difference between the jet widths along the major and minor axes, at a distance of x/D eq ¼ 30 was also recorded and used as the other parameter to identify axis-switching (ÁB 30 /D eq ).
The streamwise variation of the jet half-velocity widths for the C2 and A3 configurations are given in Figures 3 and 4 , respectively. It can be seen that the jets issuing from a nozzle of AR i ¼ 1 do not switch axes.
These jets assume equal spreading rates at a certain distance downstream of the exit. The data obtained from these plots, i.e. the locations of the cross-over point (X c ) and the difference in the jet half-velocity-widths (ÁB 30 / D eq ), for all the 16 configurations, are presented in Table  2 . In the case of the AR i ¼ 1 configurations, X c indicates the location where the jet achieves approximately equal spreading rates along the major and minor axes. The negative values in Table 2 The data from Table 2 (Panel A) were compared to the experimental results from Krothapalli et al. 15 If the region indicating the variation of cross-over point is extrapolated back towards the lower aspect ratios, the values obtained from the CFD simulations lie within the extended region, as seen in Figure 5 . It can, therefore, be said that the locations of the cross-over point given by the simulations were within the expected range.
Streamwise vorticity development
The different nozzle configurations, as viewed from the downstream direction, are shown in Figure 6 . The streamwise vortices, developing from these nozzle are observed at two downstream locations, x/D eq ¼ 2 and 8. Figure 7 shows the normalised streamwise vorticity (! x D eq /V exit ) and the normalised streamwise velocity (V x /V exit ) contour plots.
The change in nozzle geometry affects the development of the free jet, especially the unequal spreading rates that may or may not result in axis-switching. The unequal spreading rates may be due to the presence of secondary flows through the nozzle, which arise due to the change in the geometry. The change in the crosssection induces a difference in the acceleration of the flow along the shorter and the longer sides. The flow along the sides, which have a higher slope during the transition from the inlet to the exit geometry, tends to accelerate faster. Along any cross-section inside the nozzle, the viscous forces exerted normal to the wall surface due to the fluid are equal at any point for the given cross-section. Thus, the higher inertial forces generated along the side with a higher slope imply that the boundary layer thickness is smaller. The flow, therefore, leads to the production of secondary flows in the plane such that the fluid is pushed inwards from the side which exhibits faster flow towards the centreline of the nozzle and then outwards to the side exhibiting slower flow and back along the walls of the nozzle. Such a secondary motion is thus conducive to the formation of streamwise vorticities. The presence of a diverging wall, therefore induces the formation of an 'out-flow' pair 20 while converging wall sections generally induce the formation of an 'in-flow' pair. 21 Indeed, for the AR i ¼ 1 configurations, the flow accelerates faster along the ends of the minor axis compared to the major axis. This induces a secondary flow that pushes the fluid towards the centre of the nozzle from the minor axis ends and outwards towards the major axis end, i.e. in a clockwise sense. Such a flow tends to produce streamwise vorticity pairs ('out-flow' pairs) such that they push the fluid outwards from the ends of the major axis and inwards from the ends of the minor axis. This would resist the axis-switching process. The difference in the flow accelerations along the major and minor axes is very small for the AR i ¼ 2 configurations; this can explain the delayed axis-switching encountered for these configurations. The AR i ¼ 3 and 4 configurations, however, show a distinctly higher sloping of the nozzle walls along the major axis compared to the minor axis. Consequently, the flow acceleration is higher along the walls at the ends of the major axis and it induces a secondary flow in the counter-clockwise sense, i.e. from the ends of the major axis towards the centre, on to the ends of the minor axis and back along the nozzle wall. This type of flow produces the 'in-flow' pairs which tend to assist axis-switching.
The change in the CSR of the nozzle affects the slope of the nozzle walls along the transition section from the inlet to the exit geometry. Although this does not influence the sense of the streamwise vorticity, it affects the strength of the vortices developed. Clearly, for lower CSR values, the slope of the nozzle walls is higher than that for higher CSR values. The flow developing along the walls, therefore, tends to accelerate faster and thus induces secondary flows of higher magnitude. This is confirmed by the location of the crossover point; the configurations with lower CSR switch axes earlier. In case of the A1 set of nozzle configurations as well, where a lower CSR corresponds to a delay in transition or axis-switching, the observations can be explained due to the strength of the vortices generated; since the vortex pairs for these configurations tend to resist axis-switching, the stronger vortices generated for lower CSR configurations delay the transition or axis-switching. As the strength of the vortex field decreases with an increase in the CSR value, the location at which the transition occurs to an elliptic/round jet cross-section with equal spreading rates moves closer to the nozzle exit with increasing CSR. 
Statistical model
Based on the results presented in Table 2 , two statistical models were created: 'XOP-model' for determining the location of the cross-over point, and 'DB30-model' for determining the occurrence of axis-switching. The creation of the model was a two-step process: a singlevariable model was created for each and depending upon the best-fit series of variation, a two-variable model was created to predict the necessary parameters. A rigorous error analysis implementing normality testing was done to ensure that the values predicted by the models were as close to those obtained by the simulation results used to create these models. The equations defining the two statistical models thus created, are given as follows 
Both the equations use dimensionless values for input (AR i and CSR) and give the required output in a normalised form for X c and ÁB 30 . The XOP and DB30 models could now be used for the AR e ¼ 4 nozzles in the current work to determine if they switch axes and, if so, the location of the cross-over point downstream of the exit (Figure 8) . In cases where the model indicates that a particular configuration does not switch axes, the location of the cross-over point corresponds to the point where the jet spreading along the spanwise axes becomes almost equal.
Conclusions
CFD simulations for a series of nozzle configurations based on AR e ¼ 4 were carried out to understand the effect of changing the upstream nozzle geometry on the development of a rectangular free jet. The parameters under consideration were the inlet aspect ratio and length of the contraction section.
The nozzle configurations with AR i ¼ 1 do not exhibit axis-switching. For a constant inlet aspect ratio, the variation of the location of the cross-over point (X c ) is roughly linear with respect to the converging section ratio. A higher CSR corresponds to a higher X c for the axis-switching cases while it is inversely proportional for the non-axis-switching configurations. The converging section ratio remaining constant, the X c varies inversely with respect to AR i , i.e. lower AR i values correspond to higher X c values. The variation of ÁB 30 , on the other hand, is non-linear with respect to both AR i and CSR.
The difference in the flow acceleration along the side walls of the nozzle induces secondary flows which are responsible for the generation of streamwise vorticity. Depending on the development of these vortices, these may assist or resist axis-switching, indicated by the presence of an 'out-flow' or 'in-flow' pair at the ends of the nozzle major axis. While the sense of the streamwise vorticity is mainly dependent on the AR i of the nozzle, the magnitude of the vorticity in the vortex core is mainly dependent on the CSR of the nozzle. While the current study focusses primarily on development of a parametric model based on the axisswitching phenomenon, additional information on the structure of the flow-field inside the nozzle and vorticity enhancement may be obtained from Tipnis. 19 
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